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Abstract
The Scholz theorem in function fields states that the l-rank difference between the class groups of an
imaginary quadratic function field and its associated real quadratic function field is either 0 or 1 for some
prime l. Furthermore, Leopoldt’s Spiegelungssatz (= the Reflection theorem) in function fields yields a com-
parison between the m-rank of some subgroup of the class group of an imaginary cyclic function field L1
and the m-rank of some subgroup of the class group of its associated real cyclic function field L2 for some
prime number m; then their m-ranks also equal or differ by 1. In this paper we find an explicit necessary
condition for their m-ranks (respectively l-ranks) to be the same in the case of cyclic function fields (respec-
tively quadratic function fields). In particular, in the case of quadratic function fields, if l does not divide
the regulator of L2, then their l-ranks are the same, equivalently if their l-ranks differ by 1, then l divides
the regulator of L2.
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1. Introduction
The Scholz theorem in function fields [3,6] states that the l-rank difference between the class
groups of an imaginary quadratic function field L1 and its associated real quadratic function
field L2 is either 0 or 1 for some prime l. Shanks [8] called the former case (l-rank difference
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Y. Lee / Journal of Number Theory 122 (2007) 408–414 409is 0) non-escalatory case and the latter case (l-rank difference is 1) escalatory case. Furthermore,
Leopoldt’s Spiegelungssatz in function fields [3,6] yields a comparison between the m-rank of
some subgroup of the class group of an imaginary cyclic function field and the m-rank of some
subgroup of the class group of its associated real cyclic function field (corresponding to some
characters χ and χ ′, χ ′ being the reflection character of χ ) for some prime number m; then
their m-ranks are also equal or differ by 1. In fact, the Spiegelungssatz is a generalization of the
Scholz theorem.
It is very interesting to investigate what is making their rank difference. We hence want to find
an explicit necessary condition under which their m-ranks (respectively l-ranks) are the same in
the case of cyclic function fields (respectively quadratic function fields).
As a matter of fact, we also have a nice application of this criterion as follows. Shanks [8]
introduced an efficient method for constructing all the non-isomorphic cubic number fields of
the same discriminant, called CUbic Fields From Quadratic Infrastructure algorithm (CUFFQI
algorithm), by using the infrastructure of a certain real quadratic number field.
Recently, for the case of function fields, there is also a development of an efficient method for
constructing all the non-isomorphic cubic function fields of the same discriminant [2]. Hasse’s
theorem [1] in number fields is proved to be true for function fields as well (refer to [2]); the total
number of all the non-isomorphic cubic function fields of the same discriminant is completely
determined by the 3-rank of the class group of the quadratic function field with the same dis-
criminant. We are thus interested in constructing hyperelliptic function fields with class groups
of 3-rank at least equal to three. If we find a hyperelliptic function field with the class group of
3-rank r , then the Scholz theorem guarantees to provide another associated real quadratic one
with 3-rank either r − 1 or r , and vice versa. Certainly, having an explicit criterion to distinguish
between escalatory case and non-escalatory case will be very helpful to determine the exact
3-rank of the associated field.
In Section 2, in the case of cyclic function fields we obtain an explicit necessary condition
under which the m-rank of some subgroup of the class group of an imaginary cyclic function
field L1 and the m-rank of some subgroup of the class group of its associated real cyclic function
field L2 (corresponding to some characters χ and χ ′) are the same. The result in Section 3 for
the case of quadratic function fields then immediately follows from the main result in Section 2.
It is however worthwhile to mention the quadratic case separately since our result shows that the
rank difference is related to the divisibility of the regulator of L2 by l. In detail, if l does not
divide the regulator of L2, then their l-ranks are the same (non-escalatory case), equivalently if
their l-ranks differ by 1 (escalatory case), then l divides the regulator of L2.
2. Escalatory case and non-escalatory case in cyclic function fields
We begin with some definitions and notations. Let Fq be a finite field of order q , where q is
a power of a prime p > 2. Let K = Fq(T ) be the rational function field, and OK = Fq [T ] is the
maximal order of K . We denote by P∞ the prime at infinity (or the infinite place) of K defined
by the negative degree valuation, i.e. ord∞(g) = −deg(g) for g ∈ K×. For any extension F of K
in Ksep (= the separable closure of K), throughout this paper let S∞(F ) denote the set of all the
primes at infinity of F lying above P∞.
Let d be a prime number such that d | q − 1. We choose a prime number m such that m = d
and m | qd−1
q−1 , then d is the order of q mod m since q
d ≡ 1 (mod m) and d | m − 1. Then K(ζm)
is a cyclic extension of degree d over K , where ζm is a primitive mth root of unity.
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theory, Fqd = Fq(β) for some β such that βd ∈ Fq , so that K(ζm) = K(β). Let n be βd , i.e.
β = d√n. Then, K(ζm) = K( d√n ). Note that m and p are relatively prime and m  q − 1.
Let f ∈ Fq [T ] be a monic d th power-free polynomial of degree divisible by d , L2 = K( d√f ),
L0 = K(ζm), L1 = K( d√nf ) and L be the compositum of L1 and L2, i.e. L = K( d√f , ζm).
L = K(ζm, d√f )
〈s〉 〈τ 〉
〈t〉
L2 = K( d√f ) L0 = K(ζm) L1 = K( d√nf )
K = Fq(T )
G := Gal(L/K)  Z/dZ ⊗ Z/dZ; G is abelian, and the exponent of G, namely d , divides
m − 1; hence, every irreducible m-adic character of G is 1-dimensional. We note Gal(L/L2) 
Gal(Fq(ζm)/Fq) = 〈s〉, where s is a homomorphism defined by s(ζm) = ζ qm, and s is of order d .
Let t be a map such that t ( d
√
f ) = ζd d√f ; then Gal(L/L0)  Gal(L2/K) = 〈t〉. Taking
τ = st , Gal(L/L1) = 〈τ 〉. Let η be a cyclotomic character η :G → (Z/mZ)× such that η(s) =
q¯ mod (m) and η(t) = 1. Define a character χ2 of G by χ2(s) = 1 and χ2(t) = q1−d (mod m).
Then the fixed field of L by the kernel of χ2 (= 〈s〉) equals K( d√f ). The reflection charac-
ter of χ2 is defined by χ ′2 = η · χ−12 . Hence, χ ′2(s) = q¯ (mod m), χ ′2(t) = qd−1 (mod m), and
χ ′2(st) = qd ≡ 1 (mod m); thus the kernel of χ ′2 is 〈st〉, so the fixed field of L by the kernel of χ ′2
is K( d
√
nf ). We set χ ′2 = χ1.
We let
r1 = m − rank of (ClL1)χ1 and r2 = m − rank of (ClL2)χ2 ,
where (ClLi )χi denotes εχi (ClLi ), and εχi is the idempotent corresponding to the character χi ,
given by
εχi =
1
|G|
∑
σ∈G
χi(σ )σ
−1
for each i = 1,2.
Let ELi be the unit group of the integral closure of Fq [T ] in Li for i = 1,2. By investigating
the local situation at infinity we see that L2/K is totally real (i.e. P∞ splits completely in L2)
and L1/K is totally imaginary (i.e. P∞ is inert in L1). For any finite extension F of K the S-unit
group of F is defined by EF (S) = {a ∈ F× | vp(a) = 0, ∀p /∈ S} with S = S∞(F ), and EF is
equal to EF (S) of rank |S| − 1 (refer to [5]).
Throughout this paper EL2(S) is denoted by E(S) for brevity. In fact, E(S)/F×q is a free
abelian group of rank d −1. The valuation ord∞ of K is extended to d valuations of L2. Let v℘∞
be the extension of ord∞ to L2 corresponding to ℘∞ in S∞(L2).
What follows is the main result of this paper. The following theorem shows that the escalatory
case and non-escalatory case are related to the divisibility of ℘∞(e) by m for ℘∞ in S∞(L2).
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every δ ∈ G (in other words, e is one of the S-units of L2 whose projection to εχ2(E(S)/F×q ) is
a basis). Let v℘∞ be an extension of ord∞ to L2 (equivalently, v℘∞ is a valuation of L2 for ℘∞
in S∞(L2)).
If m does not divide v℘∞(e), then r1 = r2 (non-escalatory case). Equivalently, r1 = r2 + 1
(escalatory case), then m divides v℘∞(e).
Lemma 2.2. Let v℘∞ be an extension of ord∞ to L2. If m divides v℘∞(e), then it must divide
v℘′∞(e) for any extension v℘′∞ of ord∞ to L2.
Proof. ℘∞ is a prime of L2 lying above P∞. Let ℘′∞ be any extension of P∞, i.e. ℘′∞ ∈ S∞(L2).
Then ℘′∞ = σ℘∞ for some σ in Gal(L2/K). Then v℘′∞(e) = vσ℘∞(e) = v℘∞(σ−1(e)) which
is congruent to χ2(σ−1)v℘∞(e) (mod m) since e is in the χ2-component modulo mth powers.
Since χ2 takes values prime to m, the result follows immediately. 
For the proof of Theorem 2.1 we need to define some vector spaces as follows:
Definition 2.3. Let Ω˜ be the subgroup (and sub-G-module) of L×2 /L×m2 consisting of the el-
ements α¯ such that αδ ∈ αχ2(δ)L×m2 for all δ ∈ G, i.e. Ω˜ = εχ2(L×2 /L×m2 ), where εχ2 is the
idempotent corresponding to the character χ2.
Let C˜′ be the subgroup of Ω˜ consisting of the elements α¯ such that the principal ideal gener-
ated by α in L2 is the mth power of a fractional ideal F of L2, i.e. (α) =Fm.
Let C˜ be the subgroup of C˜′ consisting of the elements α¯ such that for every prime ℘∞
in S∞(L2)
(i) m | v℘∞(α);
(ii) α · (π℘∞)−v℘∞(α) ≡ Xm (mod ℘∞) is solvable,
where π℘∞ denotes the uniformizer of ℘∞.
Let E˜ be the subgroup of C˜′ consisting of the elements which are representable by units of L2,
i.e. E˜ = C˜′ ∩ (EL2/EmL2).
The following result is a group-theoretical version of the Spiegelungssatz in cyclic function
fields (for a proof, refer to [3]).
Theorem 2.4. The Fm-vector spaces (ClL1(m))χ1 , (ClL2(m))χ2 , E˜ , C˜′ and C˜ have the following
properties:
(i) C˜ is isomorphic to (ClL1(m))χ1 as Fm-vector spaces.
(ii) The sequence 1 → E˜ → C˜′ φ−→(ClL2(m))χ2 → 1 is exact, where φ is a homomorphism
φ : C˜′ → (ClL2(m))χ2 defined by the following: If α¯ ∈ C˜′ then (α) = Fm; then φ(α¯) is the
ideal class of F .
(iii) E˜ is of dimension 1.
(iv) C˜ is a subspace of C˜′ of codimension less than or equal to 1.
Corollary 2.5. r2 = r1 − 1 + codim C˜.
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∏
℘∈S L×℘ ×
∏
℘/∈S U℘
is the group of S-ideles of L, and L× can be imbedded canonically into the idele group IL of L.
In addition, ISL ∩ L× = EL(S), the S-unit group of L with S = S(L).
Proof of Theorem 2.1. By (iv) of Theorem 2.4 and Corollary 2.5, we have either r1 = r2 or
r1 = r2 + 1. It hence suffices to prove that r1 = r2 + 1 if and only if m | v℘∞(e) for a valuation
v℘∞ of L2 for ℘∞ in S∞(L2) by Lemma 2.2.
Let (L2)℘∞ be the completion of L2 at ℘∞ ∈ S∞(L2). We know the structure of (L2)×℘∞(refer to [4]):
(L2)
×
℘∞ = (π℘∞) × μq−1 × U(1)℘∞ ,
where π℘∞ is the local parameter of ℘∞, μq−1 is a set of (q − 1)th roots of unity, and U(1)℘∞ =
1 +〈π℘∞〉 is a set of principal local units. (In fact, 〈℘∞〉 = 〈T −1〉 since (L2)℘∞ is equal to K∞,
the completion of K at P∞.) Hence, every α ∈ (L2)×℘∞ can be written as α = πn℘∞ · u · α℘∞ in
a unique way, where n = v℘∞(α) is a non-negative integer, u ∈ μq−1 and α℘∞ ∈ U(1)℘∞ .
We define a natural map
ψ : C˜′ → (L2)×℘∞/(L2)×m℘∞
by ψ(α¯) = πn℘∞ (mod mth powers) with n = v℘∞(α).
Then from the definition of C˜ it follows that the kernel of ψ is equal to C˜. Since m is prime
to p and U(1)℘∞ is a p-group, we have the following isomorphisms:
(L2)
×
℘∞/(L2)
×m
℘∞  〈π℘∞〉/〈π℘∞〉m  Z/mZ.
Therefore,
C˜′/C˜  Image of ψ ⊆ Z/mZ,
and ψ induces a one-to-one mapping ψ¯ :
ψ¯ : C˜′/C˜ → (L2)×℘∞/(L2)×m℘∞ .
Clearly e¯ belongs to C˜′. If m  v℘∞(e), then e¯ is in C˜′ but not in C˜; this implies that codim C˜
in C˜′ is equal to 1 by (iv) of Theorem 2.4, which is if and only if r1 = r2 by Corollary 2.5. We
therefore conclude that if m  v℘∞(e), then r1 = r2. The assertion thus follows. 
3. Escalatory case and non-escalatory case in quadratic function fields
This section is a special case of Section 2; the extension is quadratic. It is however worthwhile
to mention the quadratic case separately since there are more applications in quadratic cases.
Furthermore, our result is much nicer in the case of quadratic function fields; the rank difference
is related to the divisibility of a regulator of a real quadratic function field by l.
Let Fq and K be defined as in Section 2, and let f be a monic squarefree polynomial
in Fq [T ] of even degree, and n ∈ F×q be a non-square. Let l be an odd prime number such that
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since P∞ is inert in K(
√
nf ). P∞ splits completely in K(
√
f ); hence L2
def= K(√f ) is totally
real, |S∞(L2)| = 2, and E(S)/F×q is a free abelian group of rank 1 with S = S∞(L2). Let e be
an S-unit of L2 whose projection to E(S)/F×q is a basis.
If we denote by v℘1 and v℘2 the normalized extensions of the negative degree valuation ord∞
from K to L2, the positive integer RS = |v℘1(e)| = |v℘2(e)| is called the S-regulator of L2/K
(refer to [7] for more general definition).
Let L = L1L2 (= the compositum of L1 and L2), L0 = K(ζl) and G = Gal(L/K). Since l
divides q + 1 and l is odd, l divides q2 − 1, but l does not divide q − 1. Then in a similar way as
in Section 2, we can see that L1 and L2 are associated by some characters χ1 and χ2 such that
χ1 and χ2 are reflection characters of each other.
L = K(ζl,√f )
L2 = K(√f ) L0 = K(ζl) L1 = K(√nf )
K = Fq(T )
The Scholz theorem in function fields [3,6] compares the l-rank of (ClL1)χ1 with the l-rank of
(ClL2)χ2 . In fact, Li is a quadratic extension, thus (ClLi )χi is a global class group ClLi for each
i = 1,2. Hence, if the l-rank of the class group of L1 (respectively L2) is r1 (respectively r2),
then either r1 = r2 or r1 = r2 + 1. In Theorem 3.1, we have an explicit necessary condition for
r1 = r2; it depends only on the divisibility of the regulator RS of L2 by l. The following theorem
is actually a special case of Theorem 2.1; d = 2.
Theorem 3.1. Let RS be the regulator of L2. If l does not divide the regulator of L2, then their
l-ranks are the same (non-escalatory case), equivalently if their l-ranks differ by 1 (escalatory
case), then l divides the regulator of L2.
Proof. The proof follows immediately from Theorem 2.1. If d = 2 in Theorem 2.1, then e is in
fact an S-unit of L2 whose projection to E(S)/F×q is a basis. Thus, if l does not divide v℘∞(e),
then r1 = r2 (non-escalatory case) for any prime ℘∞ in S∞(L2). In fact, in this quadratic case,
|v℘∞(e)| is an S-regulator RS of L2. The result hence follows. 
Remark 3.2. The 3-rank case has a nice application as explained in the introduction. Assume
that q is a power of a prime > 3 such that q ≡ −1 (mod 3). According to the result in Section 2,
if r is the 3-rank of the class group of an imaginary quadratic function field, then the class group
of the associated real quadratic function field has 3-rank r or r − 1. It follows from Theorem 3.1
that their 3-rank difference is related to the divisibility of the regulator RS of L2 by 3; this is a
particular case when l is 3.
Currently there is no known result on the asymptotic behavior of regulators of real quadratic
function fields in terms of their divisibility by 3.
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